Here we report computational results from an off-lattice Monte Carlo investigation of the effective thermal transport properties in multiphase biological systems containing carbon nanomaterials. A three-phase system that consists of a cell, healthy tissue and carbon nanotubes (CNTs) was built in silico for this study. The CNTs were embedded in both the cell and the healthy tissue. The effective thermal conductivity (K eff ) of such biological systems can be predicted by taking into account the dispersion of the CNTs and the interfacial thermal resistances (ITRs) between any pair of components. We quantitatively investigated the effects of the distribution (CNTs at different locations in the system), concentration (0.01-0.1 vol%), and morphology (diameter of 2-10 nm, length of 200-800 nm) of the CNTs on the K eff of the biological systems. Additionally, we studied the effects of the ITRs between any pair of components (0.05-76.5 Â
Here we report computational results from an off-lattice Monte Carlo investigation of the effective thermal transport properties in multiphase biological systems containing carbon nanomaterials. A three-phase system that consists of a cell, healthy tissue and carbon nanotubes (CNTs) was built in silico for this study. The CNTs were embedded in both the cell and the healthy tissue. The effective thermal conductivity (K eff )
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) on the K eff of the biological systems. The results showed that greater enhancement of the K eff values of the biological systems can be achieved by using longer CNTs in higher concentration, and reducing the ITRs between the CNTs and their surroundings. Finally, CNTs embedded on the cell membrane have a stronger effect than being dispersed within the cell or in the tissue surrounding the cell.
Introduction
Carbon nanomaterials, especially carbon nanotubes (CNTs) and graphene, have shown superior electrical, mechanical and thermal characteristics, 1-3 which enable them to be used in diverse applications. For instance, in the biomedicine eld, CNTs and graphene have been regarded as promising heating agents in cancer hyperthermia, [4] [5] [6] [7] [8] [9] [10] [11] and as efficient cargos for cancer-drug delivery. [12] [13] [14] [15] For cancer hyperthermia, Lin et al. 16 conducted photothermal ablation of bone metastasis of breast cancer using PEGylated CNTs both in vitro and in vivo. In the in vitro experiments, with a CNT concentration of 100 mg mL
À1
, a temperature increase larger than 30 C was obtained in just 4 min. In the in vivo study, with 10 mg of CNTs under near-infrared radiation (NIR), a rapid increase in temperature up to 73.4 AE 11.98 C was achieved in the bone metastasis of breast cancer. Yang et al. 17 investigated the photothermal therapeutic response of cancer cells to graphene oxide (GO). They synthesized aptamer-gold nanoparticle-hybridized GO to deliver heat to human breast cancer cells. The hybridized GO displayed excellent specic targeting capability, anticancer activity, and biocompatibility, suggesting promising breast cancer treatment by using graphene oxide with NIR.
For cancer-drug delivery, Meng et al. 12 used single-walled CNTs (SWNTs) to deliver doxorubicin to HeLa cancer cells and tumor tissues in chemotherapy. In vitro studies showed that the cut and puried SWNTs (with length less than 500 nm) would enter HeLa cells more easily than the long intrinsic SWNTs. In vivo studies showed that SWNTs functionalized with folic acid (FA) could be targeted and localized in the tumor tissue, suggesting an enhanced in vivo behavior of FA-SWNTs. More recently, Wei et al. 13 also studied the tumor targeting and drug delivery abilities of graphene oxide. They developed a novel photodynamic therapy (PDT), drug delivery, and phototoxicity on/off nano-system based on graphene oxide (GO). The results showed that the phototoxicity of photosensitizers on the GO could be switched off during the drug delivery course due to the transfer of uorescence resonance energy. Aer targeting to the mitochondria, the phototoxicity would be switched on to induce cell death. This work suggested that graphene based biomaterials may not only provide versatile drug carriers, but also enhance the efficiency of PDT.
Considering the composition of the above application systems of carbon nanomaterials, we can nd multiple components, such as CNTs/graphene nanosheets, cancer cells, and healthy tissue in the systems. For instance, in the photothermal therapy of cancer using CNTs and NIR, the functionalized CNTs may be located inside, on the cell membrane, or outside of the cancer cell (in the healthy tissue), as illustrated in ), they may alter the thermal properties of the multi-phase biological systems. Duong et al. 20 computationally studied the inuence of SWNTs on the thermal transport properties of biological uids, such as blood. They found that the effective thermal conductivity of two-phase biological systems increased with the concentration of SWNTs, and decreased with the rise of the interfacial thermal resistance between SWNTs and the surrounding biological uids. However, their study was limited to two-phase systems, which cannot take into account the interactions between different pairs of components in the multiphase biological systems. Therefore, more advanced models are required to quantitatively study the effective thermal properties of multiphase biological systems containing carbon nanomaterials.
In this article, we present a computational off-lattice particlebased approach to model the transfer of heat in a three-phase biological system containing CNTs, cancer cells and healthy tissue. Models containing CNT with different locations (i.e., CNTs in the cancer cell, CNTs on the cancer cell, and CNT out of the cancer cell) were built to represent realistic application systems. The interfacial thermal resistances between any pair of components were quantied through average phonon transmission probabilities, according to the acoustic mismatch theory. The length, diameter and concentration of the CNTs were modied to quantitatively study their effect on the effective thermal conductivity of the three-phase biological system. Such quantitative ndings may help researchers to optimize their experimental studies using carbon nanomaterials in biological systems.
Computational methodology
An off-lattice Monte Carlo approach has been developed to model the transfer of heat in a three-phase biological system. As illustrated in Scheme 1, the three-phase biological system consists of a cancer cell and functionalized SWNTs in the healthy tissue. To mimic a real system, computational models containing SWNTs at different locations were built. As shown in Fig. 1 , a cancer cell with a diameter of 1 mm was located in the center of a cubic box of normal tissue with a side length of 1.3 mm. 21 94 SWNTs with a diameter of 2 nm were built inside the cancer cell (Fig. 1a) , on the cancer cell membrane (Fig. 1b) , or outside of the cancer cell (Fig. 1c) . The SWNTs were modeled as solid cylinders with same morphology and thermo-physical properties as the SWNTs, as seen in Table 1 . These models can be a representative volume element of realistic systems for the cancer photothermal therapy.
The model in Fig. 1b was chosen as an example to present the off-lattice Monte Carlo methodology. The off-lattice Monte Carlo methodology presented here was applied for studying the thermal transport rather than the mass transport properties. In this study, thermal walkers (hot and cold walkers) were used to quantify the thermal energy. Each walker does not represent water or CNT molecules, but instead, each walker carriers with it an equal amount of heat (as described in ref. 20 and 22) . A thermal walker can be present in the water phase or in the CNTs. In each time step, 40 000 hot walkers were released from the y ¼ 0 surface and simultaneously, a same number of cold walkers were released from the opposite surface to model the case of constant heat ux through the system, as shown in Fig. 1b . Hot walkers carry same constant positive thermal energy while cold walkers have same negative energy, thus conserving energy in the system. Assuming that the product of the CNT density and heat capacity equals that of the surrounding material (a very reasonable assumption in our case 22 ), the presence of thermal walkers at a location in our computational box can be directly related to temperature. The temperature prole in the system can be obtained by counting the number of hot and cold walkers in bins that are used to discretize the computational domain, as described in detail as below. Since the hot walkers and cold walkers have same motions, we use thermal walkers to represent both hot and cold walkers.
The thermal walkers are assumed to be shapeless and only have thermal energy, which can be considered as phonons. The collisions between thermal walkers reect the phonon-phonon scattering, which are complicated and nonlinear interactions. For model simplicity, we ignored the walker collisions in our previous and present work.
22,23
Aer the initial release, thermal walkers move randomly with Brownian motion in the healthy tissue. Brownian motion of random walkers can be applied to successfully model the diffusive heat transfer in complex systems. [24] [25] [26] Brownian motion can be also used to model the mass transport of the biological macromolecules (e.g., DNA, protein). 27 The Brownian motion was described by the position changes in all directions of thermal walkers in each time step. The position changes take values from a normal distribution with a zero mean and a standard deviation, s n , which depends on the thermal diffusivity of the healthy tissue, D n , and is expressed as:
where Dt is the time duration in one time step. Once a thermal walker jumps to the interface between a SWNT and the healthy Scheme 1 Schematic plot of the cancer photothermal therapy using functionalized CNTs and near-infrared radiation (NIR) laser. F-CNT represents the functionalized SWNTs.
tissue, the interfacial thermal resistance may hinder the thermal walker from jumping into the SWNT. This interfacial thermal resistance was quantied by a probability, f n-SWNT , according to the acoustic mismatch theory:
where r n , C n , v n , and R n-SWNT are the density of the healthy tissue, the specic heat capacity of the healthy tissue, the sound velocity in the healthy tissue, and the interfacial thermal resistance between the SWNTs and the healthy tissue, respectively. Thermal walkers may jump into the SWNT with a probability of f n-SWNT , or stay in the healthy tissue with a probability of (1 À f n-SWNT ). This is implemented as follows:
(1) The probability, f n-SWNT , is rst calculated by using the thermo-physical properties of the healthy tissue (r n , C n , and v n ) and the interfacial thermal resistances (R n-SWNT ).
(2) Since a thermal walker is initially released from the healthy tissue, it jumps once following Brownian motion in each time step. Then our code will check if the new position of the walker is inside any of the SWNTs or not. Every walker in the simulation is tested to see if it can jump inside the SWNTs, and each walker has a probability to enter a SWNT (we do not employ a cut-off distance). However, since the Brownian motion is determined by drawing numbers from a normal distribution, the parameters of this normal distribution determine how large the Brownian jump is. The standard deviation of the Brownian jump is found using Einstein's relation for dispersion, and is related to the thermal diffusivity of the tissue or the cancerous cell (see eqn (1)).
(3) If a walker is in a SWNT, a random number between 0 and 1 will be generated to compare with f n-SWNT . If the random number is smaller than or equal to f n-SWNT , the walker can stay in the SWNT. If the random number is bigger than f n-SWNT , the walker will move back to the position in the previous step.
(4) If a walker is still in the healthy tissue, no random number is generated and the walker will jump to this new position.
Once a thermal walker jumps into a SWNT, it was assumed to travel in the ballistic transport regime due to the ultrahigh thermal conductivity of SWNTs. 30 The thermal walkers were distributed uniformly once inside a SWNT. 22 It has been found that perfect CNTs without defects have ultrahigh thermal conductivity (>2000 W m À1 K
À1
). [31] [32] [33] Even with defects or functional groups on the surface, CNTs still can have high thermal conductivity up to $100 W m À1 K À1 or even higher.
34-36
The thermal conductivity of both perfect CNTs and defected CNTs are much higher (at least 3 orders of magnitude) than those of the tissue and the cancer cell, which are around 0.5 W m À1 K À1 . 37, 38 Based on this observation, we assumed ballistic heat transport mechanism in CNTs rather than diffusive heat transfer. In our model, this means an innite speed of thermal walkers within CNTs. In fact, the innite speed is relatively innite, which means that a thermal walker can move everywhere in a single time step when it jumps into a CNT. The length of a CNT can have an effect on whether heat transfer is ballistic or not, in the case when the length of the CNT is comparable or larger than the mean free path of phonons, but this does not occur for the CNTs considered in our work.
When a thermal walker in a SWNT reaches the interface between a SWNT and the healthy tissue, another probability, f SWNT-n , was used to govern whether the walker jumps into the normal tissue or still stays in the SWNT with probability (1 À f SWNT-n ). If a walker jumps out a SWNT, it will rst jump to the surface of the SWNT, and then jump to the tissue with once Brownian motion. If a walker still stays in the SWNT, it will be Fig. 1 Computational models of the biological systems containing the normal tissue (yellow cube with side length of 1.3 mm), the cancer cell (red sphere with diameter of 1 mm) and the SWNTs (black tubes). To mimic the realistic applications, three models containing the SWNTs with different locations were built: (a) SWNTs were located in the cancer cell, (b) SWNTs were located on the cancer cell membrane, and (c) SWNTs were located in the normal tissue (out of the cancer cell). SWNTs with different diameter and length were used in different models for the easy comprehension.
randomly re-distributed in the SWNT. The relation between f SWNT-n and f n-SWNT is described below, which is required in order to maintain the second law of thermodynamics in the simulation:
where V SWNT and A SWNT are the volume and surface area of a SWNT, s n is the standard deviation of the Brownian motion in the normal tissue, C f is the thermal equilibrium factor, which depends on the interfacial area and the geometry of SWNTs.
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The C f can be numerically determined at the thermal equilibrium state. 21 Since SWNTs can lie on the cell membrane (Fig. 1b ) or enter the cell (Fig. 1c) , thermal walkers in SWNTs may travel into the cancer cell. In the present study, the cell membrane is assumed to have the same thermo-physical properties as the internal of the cell. Due to the similarity between the normal tissue and the cancer cell, thermal walkers in the cancer cell have similar Brownian motion as they jump in the healthy tissue but with a different thermal diffusivity (that of the cancer cell). At the SWNT-cell interface, thermal walkers from either SWNTs or the cancer cell have similar movement to those at SWNT-tissue interface, as described in eqn (2) and (3) . At the interface between the normal tissue and the cancer cell, thermal walkers were assumed to have the same probability to cross the interface from both sides. This is because of the relatively large interfacial area between the healthy tissue and the cancer cell. Thermal walkers will be bounced back when they reach the two sides in the y direction, thus maintaining a constant heat ux. Periodic boundary conditions were applied in the x and z directions. All property parameters for the normal tissue, the SWNTs, and the cancer cell are listed in Table 1 .
The assumptions in the model are listed as below:
(1) Thermal walkers are characterized as shapeless point particles carrying constant thermal energy.
(2) The interactions between thermal walkers are ignored.
The SWNTs are assumed as solid cylinders with same thermal properties as the SWNTs without considering their functional groups, chirality and defects.
The computational box was divided by 300 mesh points on each side (total 300 Â 300 Â 300 computational bins) to obtain the temperature prole of the system. The temperature was calculated by counting the number of hot thermal walkers and then subtracting the number of cold walkers. To determine the enhancement in the thermal conductivity of the system by the SWNTs, a reference model with only the normal tissue and the cancer cell was built. With the same heat ux and boundary conditions, the temperature proles along the y direction in the multiphase systems and the reference model are related as
where q 00 , T S , and T b are the applied constant heat ux, the temperature in the system with SWNTs, and the temperature in the reference model without SWNTs. K eff and K b are the effective thermal conductivity of the biological systems with SWNTs and the thermal conductivity of the reference model. The enhancement of the thermal conductivity of the system by adding SWNTs can be obtained from eqn (4) and described as
Regarding the validation of the model, one can refer to our prior publication (ref. 39) . In that work, we presented extensive validation results of the Monte-Carlo model for simulation of Thermal equilibrium factor C f (SWNT-tissue) 0.25
smaller systems, such as heat transfer from point and line sources of heat, as well as in simple multiphase systems (e.g., a drop suspended inside a different uid) with CNTs. The model and the movement of each thermal walker were implemented by an in-house algorithm programed with Fortran 95. All the simulations were conducted on super-computers.
Results and discussion
3.1 Effect of the SWNT distribution and concentration on the K eff of the biological system
We built the models with SWNTs distributed inside, on the cell membrane and outside of the cancer cell to study the effect of SWNT location on the effective thermal conductivity (K eff ) of the biological system. As presented in Fig. 2 , SWNTs with different locations relative to the cancer cell have quite different effects on the K eff of the biological systems. The CNTs lying on the cancer cell membrane induced the largest enhancement of the K eff , followed by the CNTs located out of the cancer cell, and lastly the CNTs distributed inside the cancer cell. This may be because that the CNTs act as efficient heat transfer channels compared with the normal tissue and the cancer cell. The CNTs lying on the cell membrane can accelerate the heat transferring to the CNTs, and then directly to the cancer cell, which induces a uniform temperature distribution on the system. In the other two systems, the CNTs only exchange heat with one of the other two components (either tissue-CNT-tissue, or cell-CNT-cell). These two heat transfer paths are less effective than the direct path (tissue-CNT-cell) in the system with CNTs on the cell membrane. The CNTs outside of the cancer cell resulted in a slightly higher K eff than those in the cancer cell. This may be because that the CNTs out of the cancer cell have a more uniform distribution in the whole system than those in the cancer cell. In all three systems, the K eff increased with increasing CNT concentration. Acting as effective heat transfer channels, more CNTs in the system facilitate the transfer of heat along the heat ux direction, inducing a higher K eff of the systems.
Effect of the interfacial thermal resistance on the K eff of the biological systems
The interfacial thermal resistance (ITR) around carbon nanomaterials accounts for the much lower thermal conductivity of the composites than the expected values. 47 The ITR arises from the difference in the vibrational spectra of the atoms in each component. 31 The ITRs may inuence the transfer of heat in the biological system. 21 The ITRs were quantied by an average phonon transmission probability according to the acoustic mismatch theory. Fig. 3 is a presentation of the effect of ITR between the normal tissue and the SWNTs (R ti-SWNT ) on the K eff of the biological systems. When the SWNTs are located inside the cancer cell, the SWNTs have no direct contact with the healthy tissue. Therefore, there is no R ti-SWNT in the model with the CNTs inside the cancer cell. As shown in Fig. 3 , in both models, the K eff decreases with increasing R ti-SWNT . Compared with the healthy tissue, the CNTs with ultrahigh thermal conductivity dominate the transfer of heat in the biological systems. Higher R ti-SWNT means that the heat is prevented from . The diameter of the CNTs was 2 nm, the length of the CNTs was 500 nm and the volume faction of the CNTs was 0.05%. transferring in the healthy tissue and rather prefers to be transferred along the CNTs, inducing a lower K eff of the system. Similarly, the ITR between the SWNTs and the cancer cell (R ce-SWNT ) was changed to study its effect on the K eff of the biological systems. The R ce-SWNT was modied from 0.077 Â 10 À8 m 2 K W À1 to 76.5 Â 10 À8 m 2 K W À1 , which corresponds to phonon transmission probability of 0.001-1.0. Similar to the R ti-SWNT , a larger R ce-SWNT resulted in a lower K eff of the systems, as shown in Fig. 4 . This mechanism can be explained as in the case of R ti-SWNT . The SWNTs are the dominant heat transfer channels compared to the cancer cell. Higher R ce-SWNT prevents the heat transferring from the cancer cell to the SWNTs, lowering the enhancement of the K eff . In the model with the SWNTs located inside the cancer cell, when the R ce-SWNT exceeds 1.0 Â 10
, there is almost no improvement in the K eff of the biological systems. It can be concluded from Fig. 3 and 4 , lower R ce-SWNT and R ce-SWNT are preferred to enhance the thermal transport properties in the biological systems. This can be achieved by functionalizing the CNTs with proper surfactants (e.g., DNA, folic acid, and biopolymer) to bridge the atom vibrational spectra in different components.
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Fig. 5 is a plot of the effect of the ITR between the normal tissue and the cancer cell (R ti-ce ) on the K eff of the biological systems. The R ti-ce exists in all three models. Different from the R ti-SWNT and the R ce-SWNT , the R ti-ce did not show a signicant effect on the K eff . In the models with CNTs located on the cancer cell membrane or outside of the cell, thermal walkers in the normal tissue have higher possibility to jump into the SWNTs rather than into the cancer cell. This is due to the relatively larger interfacial area between the normal tissue and the SWNTs. This weakens the heat transfer at the interface between the healthy tissue and the cancer cell, thus reducing the effect of the R ti-ce . However, in the model with CNTs locating inside the cancer cell, the K eff slightly decreases with increasing R ti-ce . This is because there is no direct contact between the healthy tissue and the SWNTs. Thermal energy will transfer to the cancer cell and then to the SWNTs, which enhances the effect of the R ti-ce .
3.3 Effect of the morphology of the SWNTs on the K eff of the biological systems
The diameter of the CNTs was modied from 2 to 10 nm to investigate its effect on the K eff of the biological systems (Fig. 6) . In the models with the CNTs located either inside the cancer cell or outside of the cell, the K eff slightly decreases with the rise of the CNT diameter. This may be explained as follows: (i) the increase of the CNT diameter facilitates the heat transfer in the radial direction of the CNTs, thus weakening the heat transfer along the heat ux direction; (ii) at the same CNT concentration, the CNTs with increased diameter have decreased interfacial area, reducing the heat exchange between the CNTs and other components. When the CNTs lie on the cancer cell membrane, they obtain a non-uniform distribution in the system. This diminishes the effect of the radial heat transfer and the decreased interfacial area of the CNTs with bigger diameter on the K eff . Therefore, the CNT diameter did not display an apparent effect on the K eff when the CNTs located on the cancer cell.
The effect of the CNT length on the K eff of the biological systems was investigated by varying the CNT length in the range . The diameter of the CNTs was 2 nm, the length of the CNTs was 500 nm and the volume faction of the CNTs was 0.05%. . The diameter of the CNTs was 2 nm, the length of the CNTs was 500 nm and the volume faction of the CNTs was 0.05%.
of 200-800 nm, while the CNT diameter was kept constant as 2 nm. In all three models, the K eff greatly increased with the rise of the CNT length (Fig. 7) . Longer CNTs transport heat through the system more effectively than the shorter ones, thereby inducing higher K eff of the biological systems. 51, 52 On the other hand, the reduced stiffness of the longer CNTs may generate phonons with lower vibrational frequency, thus increasing the overlap in the vibrational spectra of the CNTs and other components. 23, 53 The increased overlap in vibrational spectra will lower the interfacial thermal resistance between the CNTs and their surroundings, which may signicantly enhance the effective thermal transport properties in the biological systems, as discussed in Section 3.2. Compared with the other two systems, the CNT length showed less inuence on the K eff when the CNTs were located inside the cancer cell. This may be due to the aggregated distribution of the CNTs inside the cancer cell. 54 
Conclusion
In summary, we have quantitatively investigated the effective thermal transport properties of multiphase biological systems containing CNTs via an off-lattice Monte Carlo approach. The quantitative ndings show that the CNTs and the ITRs between the CNTs and their surroundings dominate the transfer of heat in the biological systems. The CNTs located on the cancer cell membrane that had higher concentrations and longer lengths would induce higher K eff of the biological systems. This is due to the ultrahigh thermal conductivity and the increased uniform distribution of the CNTs. The presence of CNTs inside the cancerous cell had the least effect among the different cases studied. The results obtained here indicate that the thermal conductivity of the system can be increased by up to 250% when the CNTs are on the cell membrane, while it increases by about 20% when the cells contain the CNTs. The thermal transport properties in the biological systems also can be greatly enhanced by reducing the interfacial thermal resistances between the CNTs and other components, which may be achieved by the proper functionalization of the CNTs. These nd-ings may help researchers to optimize the thermal properties of the biological systems. For example, techniques that functionalize the CNTs with biologically active chemicals, so that they travel through the body to nd and deposit on specic cell sites that express proteins when they are cancerous, [55] [56] [57] could have special importance for phototherapy options. When the CNTs attach to the membrane of the cancer cell aer proper functionalization, an enhanced K eff of the biological system can be achieved. The enhanced K eff can lead to thermal energy transferred more efficiently and faster to the cancerous cells, inducing a more efficient treatment. Our approach can be also modied to investigate the thermal transport properties of other multiphase biological systems containing, for example, graphene nanosheets or other carbon nanomaterials. 
